Introduction
The problem of finding a second-order superapproximation of first partial derivatives of a piecewise linear function from the space of linear triangular finite elements by averaging has been formulated already in 1967 [13] . It concerned an effective calculation of accurate approximation of the small strain tensor in the postprocessing of the elasticity problem. In many papers including [5, 8, 9, 14] , various approaches to the solution of this problem were presented. The resulting superapproximations are useful in sensitivity analysis, see [7] , magnetic field computations and in many problems from the approximation theory. Much attention is devoted to the construction of a posteriori error estimators of the finite element solutions of the differential boundary-value problems. Starting with the classical paper [2] , a vast amount of literature has been devoted to this topic including the monographs [1, 3, 4, [10] [11] [12] .
In Sections 2 and 3, the nonobtuse regular triangulations consisting of the linear triangular and bilinear rectangular elements are defined and some of their useful properties are formulated. Section 4 is devoted to the method of averaging, the proof of its second-order accuracy and to the numerical illustration of this fact. In the last section, the high-order approximations of gradients are used in a standard adaptive procedure for the solution of a model elliptic differential boundary-value problem in 2D.
Nonobtuse regular triangulations
We denote by ( 1 2 ) the Cartesian coordinates of a point and by | | the length of the segment with endpoints . For arbitrary points 1 , operations "+" and "−" mean addition and subtraction, respectively, modulo on the index-set {1 }. The symbols P (1) Q (1) and P (2) are reserved for the spaces of real linear, bilinear and quadratic polynomials in two variables, respectively, and Ω for a non-empty bounded connected polygonal domain in the plane. We say that T is an element when T is either a triangle or rectangle, denote by |T | the area of T , T the diameter of T and T the diameter of the circle inscribed to T .
A system T of elements is said to be a triangulation of Ω when T ∈T T = Ω, where any two different elements have disjoint interiors and any side of an element is either a side of another element or a subset of the boundary ∂Ω. Let us consider a vertex of (an element from) a triangulation T . We call a neighbour of (in T ) when the segment is a side of an element from T and denote by N ( ) the set of neighbours of in T . We say that is an inner and boundary vertex when ∈ Ω and ∈ ∂Ω, respectively.
Definition 2.1.
A system T of triangulations of Ω is said to be (a) a family when for every ε > 0 there exists T ∈ T satisfying T < ε for all T ∈ T , (b) shape-regular when there is σ > 0 such that T / T > σ for all elements T of any triangulation from T.
We work with a fixed shape-regular family T of triangulations of Ω such that all inner angles of the elements from any triangulation T ∈ T are less than or equal to the right angle. We call the triangulations from T nonobtuse regular. 
Lemma 2.2.

If T = is a rectangular element of a nonobtuse regular triangulation then the triangle U
for arbitrary points . Putting
) D( 1 2 3 )
for a triangular element T = 1 2 3 , we can see that
is the linear interpolant of a function ∈ C (T ) at the vertices of T . An elementary calculation gives us
(1) for = 1 2. In order to derive the partial derivatives of the bilinear interpolant Π T ( ) on a rectangular element T = 1 2 3 4 oriented in rotating order (either clockwise or counterclockwise), we use the reference rectangular element T with the vertices 1 = (−1 −1), 2 = (1 −1), 3 = (1 1), 4 = (−1 1) in the local Cartesian coordinates ξ η, as illustrated in Figure 2 . The Lagrange basis in Q (1) related to 1 4 is of the form
The linear mapping F T : T → T , given by 
for any ∈ C (T ) and
give us
for = 1 4 and = 1 2. A comparison of (2) with (1) leads to the following statement.
Lemma 3.1.
Let T = 1 2 3 4 be a bilinear rectangular finite element. Then for every function ∈ C (T ) and = 1 4, the linear triangular finite element U
The graph of Π U ( ) is the tangent plane to that of Π T ( ) at the point .
The method of averaging
It is well known that
for a vertex of an element T from a nonobtuse regular triangulation, where function ∈ C 2 (T ) and = 1 2. We present a construction of a weight vector such that the corresponding weighted average of the rough, first-order approximations ∂Π T ( )/∂ ( ) for the elements T with vertex approximates ∂ /∂ ( ) with an error of the second order. A special case of this construction has been presented in [5] in the case of nonobtuse regular triangulations consisting only of triangles. Calculating the approximations of ∂ /∂ ( ), we use local Cartesian coordinates with the origin at . ) is a ring around .
We say that the triangles
are related to , call in = and in = an internal vertex of in the case (a) and (b) respectively, the union Θ( ) of elements with the vertex in a patch around , and set
Definition 4.2.
A boundary vertex of a nonobtuse regular triangulation T is said to be semi-inner when there exists a ring = ( 1 ) around with in = , and one of the following cases (I)-(II) appears.
and U / U > σ /4 for = 0 1 .
(II) = 4 and all elements with vertex are rectangular.
In Figure 3 , the triangles U Let = 1 2, = ( 1 ) be a ring around an inner vertex or a semi-inner vertex in the case (I) and ∈ C (Ω). Then we set
Here, Π 1 ( ) Π ( ) are the linear interpolants of at the vertices of the triangles U Then is an inner vertex when λ < 0, µ < 0 as in Figure 4 i) and is a boundary vertex with the property (II) if and only if λ < 0 < µ or µ < 0 < λ or 0 < λ, 0 < µ. The last case with 1 1 > 0, 2 2 > 0 is illustrated in Figure 4 ii). There we can see that, due to the change of positions of the vertices 1 4 , the rectangles T 
U
4 not belonging to T in general, see Figure 4 ii). For = 1 2, we set Π = Π U and
In order to establish consistency, we search after weights 1 4 such that
for all ∈ P (2) . As both sides of (6) are linear in , this condition is equivalent to (6) valid for the polynomials from the basis 1 ( ) 2 , ( ) 2 . Moreover, as Π ( ) = for all ∈ Q (1) , the operator W is consistent at the point if and only if
Due to (2) and = (0 0), condition (7) attains the form of linear equations M = with 
This explicit description enables us to prove boundedness of the weight vectors .
Lemma 4.5.
There exists a constant C 1 such that 2 < C 1 for all minimal 2-norm weight vectors = [ Proof. It is easy to check that the norm of the minimal 2-norm weight vector (8) is bounded in the case λ < 0 and
. Indeed, using the notation from Figure 4 ii), we can see that
As T is the length of the hypotenuse, T is the length of the shorter ordinate of every rectangle T and T 2 T 3 are regular elements, we have
and, consequently, 1 − λ > σ 2 . The inequality 1 − λ < 1/σ 2 can be proved analogously. These results and symmetry give us σ 2 < 1 − µ < 1/σ 2 whenever µ < 0. A routine calculation gives us 2 < C 1 for
Theorem 4.6.
There exists a constant C
for every function ∈ C 3 (Ω), inner or semi-inner vertex of a nonobtuse regular triangulation, and = 1 2. The following example numerically illustrates the accuracy of the method of averaging from Theorem 4.6 for the inner vertex with four neighbours and for the semi-inner vertex in the case (II).
Proof. According to
We approximate the value ∂ /∂ 1 ( ) = 1 370657973 of the function ( 1 2 ) = sin ( 1 / 2 ) at the point = (0 2 0 7). The results in Table 1 have been calculated for = in and the rectangles T 1 T 4 from Figure 4 i), and those in Table 2 for the semi-inner vertex and the rectangles U 1 U 4 from Figure 4 ii). Table 1 . Table 2 . 
Adaptive solution of a model problem
The superapproximations of the partial derivatives from Section 4 are used in an a posteriori error estimator controlling an adaptive solution of a model elliptic boundary-value problem in 2D.
Definition 5.1.
Let us consider a nonobtuse regular triangulation T with all boundary vertices semi-inner. We denote by L the finite element space of functions ∈ C (Ω) linear and bilinear on any triangle and rectangle from T respectively and by Π ( ) the (unique) L -interpolant of a function ∈ C (Ω) at the vertices of T . For = 1 2 and ∈ L , we define a function
) for all vertices of T and put
Operators with the properties 1)-3) from the following Lemma 5.2 are often called recovery operators [1] .
Lemma 5.2.
If a nonobtuse regular triangulation T has all boundary vertices semi-inner then the operator W : L → L × L has the following properties.
1) Consistency: W [Π ( )] = ∇ for all ∈ P (2)
.
2) Localization: If ∈ L then the values of W [ ] on T ∈ T are determined by the values of on
3) Linearity and boundedness: The operator W is linear and there exists a constant C such that
for all ∈ L and T ∈ T .
Proof. 2 3) Omitting the proof of the obvious linearity of W , we verify its boundedness. For all ∈ L and T ∈ T , (11) is equivalent to
which in turn is equivalent to
for all vertices of T and = 1 2. Indeed, the equality
is obvious for the linear triangular elements T and its proof for the bilinear rectangular elements T is a nice elementary exercise. Hence it remains to find a constant C satisfying 
Using the facts that the restrictions of the bilinear interpolants Π ( ) and Π T ( ) to the sides of U and T for = 1 4 are linear and the coordinate axes are parallel to their sides, we obtain the identities on every element T ∈ T . If η U = max T ∈T η T ≥ 0 001 then the process creates a new triangulation by dividing the element U and the necessary minimal number of the other elements with a straight-line parallel to the 1 -axis or 2 -axis and repeats the step. If η U < 0 001 then the process terminates. The constructed triangulation such that η U < 0 001 is illustrated in Figure 6 .
In this procedure, the computable quantity η T has been used instead of the true averaged error T for every element T ∈ T . This substitution is justified by [ 
whenever W is a recovery operator and a so-called superconvergence property is fulfilled; see [1, Section 4.3] . While W is a recovery operator by Lemma 5.2, the superconvergence property is known for the uniform triangulations consisting of squares only due to Zlámal [15] . Our knowledge of the solution of problem (13) enables us to calculate the errors T , compare them with the estimates η T and illustrate the statement (14) . Table 3 summarises the results related to such rectangles T saying that the point (0 5 0 9375) is situated at the "left upper corner" of T or inside of the "left vertical side" of T in the first step such that T is an element of T . 
